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Abstract-A constitutive equation has been derived for fiber-reinforced ceramic-matrix composites,
based on fiber breakage and distributed fiber pull-out. Length-dependent and length-independent
regimes, governed by the size of the specimen, are differentiated. The constitutive equation is used
to predict the ultimate strength of fiber-reinforced ceramic-matrix composites subjected to tensile
and flexural loadings.

1. INTRODUCTION

The stress-strain behavior of ceramic-matrix composites (CMCs) is nonlinear, provided
that the interfaces slide with low shear resistance, 1: (Aveston et al., 1971; Cao et ai., 1990a,b).
The loading ofsuch composites results in two independent damage mechanisms: fiber failure
and matrix cracking. The latter results in a diminished secant modulus E" as well as a
permanent strain, 80 (Pryce and Smith, 1992; Beyerle et at., 1992). Furthermore, the fibers
are subject to global load sharing, whereby the load transmitted from each failed fiber is
shared equally among the intact fibers. Some aspects of the associated fiber failure stoch
astics have already been addressed (Curtin, 1991a,b; Phoenix, 1992). Two key parameters
have been identified (Henstenburg and Phoenix, 1989; Curtin, 1991a): (a) a characteristic
length

(1)

where m is the shape parameter, R is the fiber radius, So is a stress scale parameter and Lo
a reference length; (b) a characteristic strength

Sc = So{Lo1:/RSo] I/(m+ I). (2)

When the gage length, L, is large compared with oc, the fibers are capable ofmultiplefailures
within the gage section. Consequently, the ultimate strength Su is predicted to be gage length
independent, and given by (Curtin, 1991b)

(3)

with

F(m);;:;; [2/(m+2)]1/(m+l)[(m+l)/(m+2)]

where f is the fiber volume fraction along the loading direction. Deviation from eqn (3)
would beexpected both for short gage lengths, L ~ oc, and when the stress on the composites
is nonuniform. These effects are analyzed in this paper. For this purpose a constitutive law
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is derived. The analytic approach used to devise this law has the same fundamental features
established by others (Curtin, 1991a,b; Phoenix, 1993). However, a new direction is con
sidered in order to provide approximate formulae that facilitate analysis of composite
failure subject to complex loading situations. The utility of the approximation is justified,
both by comparison with experiment and with the calculations of Curtin (I991a,b).

2. THE BASIC STOCHASTIC MODEL

The tensile stress iT of a composite with a saturation density of matrix cracks is
considered. The matrix crack spacing is Lm , within a unit cell of length L R (Fig. la). The
length LR is the recovery length and refers to the longest fiber that can be pulled out and
cause a reduction in the load-carrying capacity. At reference stress, T, the recovery length
is

(4)

where the reference stress T is the fiber stress in the plane of the matrix crack. Generally,
Lm « L R and the stress field in intact fibers has the form illustrated in Fig. l(b). Conse
quently, the local stress in the fiber in the region 0 ~ x ~ Lm/2 is (Cox, 1952; Kelly, 1973)

at<T,x) = T-2r:x/R. (5)

If the fibers exhibit a statistical variation ofstrength that obeys a two-parameter Weibulllaw
(Weibull, 1939), then the probability that a fiber would break anywhere within the charac
teristic length L R at or below a reference stress T is given by

(6)

Consequently, from eqns (5) and (6),

a)

b)
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Fig. I. (a) Diagram of the recovery length L R when the density of matrix cracks reaches saturation.
(b) Fiber stress field (JAT, x) along a length L R for a reference stress, T, when the fibers are intact.
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[
L ( T)m+ t{ ( 7:L )m+ t}]

PF(T) = 1-exp - (m+~)Lm Sc 1- 1- R; .

For most CMCs, 7:LmIRT« 1, whereupon eqn (7) can be simplified to
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(7)

(8)

The cumulative failure probability is thus independent of the total length of the composite.
The average stress aapplied to the composite is related to the reference stress T by

a = fT[l- PFCT)] +fap(T) , (9)

where ap(T) denotes that component of the stress provided by failedfibers as they pull out
from the matrix.

Various estimates may be used for the pull-out stress, ap(T), as discussed in the
Appendix. The preference is for a representation that can be used straightforwardly for
further analysis, which also approximates the rigorous solutions. This is given by

(10)

where y[.; .] represents the incomplete gamma function. Then, the stress on the composite
becomes

fS [m+2 (T)m+l]
a=fT [l-PFCT)]+TY m+1; Sc .

If pull-out were neglected, the following formulae would apply

a = fT[l- PFCT)]

and

a
fT= 1-P

F
(T)

(11)

(12)

(13)

This latter expression is analogous to the concept of effective stress in the framework of
continuum damage mechanics (Kachanov, 1958; Rabotnov, 1963; Lemaitre and Chaboche,
1985), when the damage variable is described as the percentage of broken fibers (Krajcinovic
and Silva, 1982; Hult and Travnicek, 1983; Hild et al., 1992) in a cell oflength L R •

For the analysis of cOIV-p1ex loadings, it is useful to relate the average stress a and
strain e. This is obtained from"'eqn (11) by using, e~ TIEJ, as

or

- - [ " (-It 2+n(m+ 1) - n(m+ I)J
alfSc = (EJe/Sc) 1+ L... -2-'- 1 ( 1) (EJe/Sc) ,

n;;.t n. +n m+

(14a)

(l4b)

where EJ is Young's modulus for the fiber. In general, thermal residual stresses due to
SAS 31:7-J
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processing cause an additional contribution to the strain associated with the displacements
that arise upon matrix cracking (Pryce and Smith, 1992; Beyerle et al., 1992).

The ultimate tensile strength of the composite is defined by the condition

da/de= 0

or

dii/dT= O. (15)

This condition establishes that the ultimate strength arises when

T = (_2_)I/(m+ I)
Se m+l

(I6)

at a recovery length

L R = (_2_)I/<m+I).
be m+l

(17)

This function for T/Seo at the ultimate, is identical to the one suggested by Phoenix (1993)
based on a numerical study. Consequently, the ultimate tensile strength has the same form
as eqn (3), but with

( 2 )1/(m+ll[ (-I)" 2+n(m+l) 2"-1 J
F(m) = -m-+-l 1+"~I-n!- -1+-n(-m-+-l-'-) (m+l)" . (I 8)

This ultimate tensile strength is compared with other predictions (see the Appendix)
in Fig. 2. The three curves, illustrate the effect of the different levels ofapproximation, upon
using the same choice of T at ultimate [eqn (16»). The result presented in this paper is a
lower bound, which neglects the exclusion zones, as well as the fiber breaks outside the
recovery length. The result based on Curtin (1991b) neglects only the exclusion zones. The

1.0~----.,------,...------,------,

20.015.010.05.0

0.31- ..L- ..l- .....J. --'

0.0

Shape Parameter, m
Fig. 2. Comparison between the lower bound ultimate tensile strength derived in this paper with
two other predictions. The modified Curtin result neglects the exclusion zones. The Phoenix solution

is rigorous.



Strength ofceramic-matrix composites 1039

Phoenix (1993) result considers all three effects. It is apparent that, except at small m, the
major contribution to the ultimate tensile strength comes from the fibers breaking inside
the recovery length. Consequently, the present analytical result should provide useful lower
bond extractions for new problems. The two problems to be addressed here are: (i) short
specimens with L ~ L R and (ii) ftexuralloading.

3. SHORT SPECIMENS

When the recovery length L R becomes greater than the total length of the composite
L, the previous results no longer apply, and the cumulative failure probability becomes
length-dependent

(19)

The external stress takes the form

fS [m+2 (L)m+IJ
O'=fT[I-PF(T)]+T'l' m+l; Oc +fu:(T) , (20)

where the stress u: corresponds to the revised contribution from pull-out

(21)

The last two terms in eqn (20) give the contribution from fiber pull-out, which consists
of two parts. The first part corresponds to the case when the recovery length L R is smaller
than the composite length L. The second part corresponds to the case when the recovery
length is greater than the composite length.

The external stress is now explicitly dependent upon the total length of the composite,
L. By the same method previously used, the stress level at the ultimate is obtained by solving
the following equation

L(s)m m (L)2(S )m-II-m Oc S: + 2" Oc S: = o. (22)

Contrary to the length-independent regime, a closed-form solution does not exist. A typical
result for the variation of strength with length is plotted in Fig. 3.
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Fig. 3. Ultimate tensile strength as a function of the normalized total length of the composite. A
comparison is made with a fiber bundle prediction. The calculations are based on parameters for

SiC/LAS composites (Table I).
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Fig. 4. The intersection length L* between short and long gage length specimens.

A useful approximation for very small L may be obtained by noting that, as L -+ 0

(23)

where Sb denotes the classical dry bundle strength (Fig. 3). Similar results have been
independently derived by Curtin (1992, personal communication).

The solutions for short and long gage lengths intersect in the region where L/tJc ~ 1.
The length at the intersection is a transition length, L* (Su is length-dependent when L ~ L*
and length-independent when L ~ L*). In terms of normalized quantities, the ratio L*/tJc
only depends on m (Fig. 4).

4. THE FLEXURAL STRENGTH

Solutions for the ultimate strength in flexure are based on the nonlinear, tensile stress
strain curve for the composite. There are contributions to this strain from matrix cracking
and fiber failure. The latter is given byeqn (14). The former depends on various properties
of the matrix and the interfaces (Hutchinson and Jensen, 1990; Pryce and Smith, 1992)
and varies substantially from one material to another (Evans et al., 1994). For present
purposes, a matrix damage parameter is defined that represents the contribution to the
inelastic strain from matrix cracking, given by

D = l-E,/£, (24)

where Es is the secant modulus and £ is the elastic modulus of the uncracked composite.
A useful approximation, to be used below is

(25)

Available results indicate that D can vary between 0 and ",0.8 (Evans et al., 1994). This
difference in the stress-strain law applicable to tension and compression causes a translation
of the neutral plane away from the midsection of the beam.

For pure four-point flexure, the strain 8 between the inner loading points is related to
the curvature" by (Timoshenko and Goodier, 1970)
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Fig. 5. Definition of the beam geometry in the case of flexure.

if = KZ,

1041

(26)

where Z is the height coordinate measured from the neutral plane (Fig. 5). On the assumption
that global load sharing takes place independently in each plane z = constant, the stress on
the tensile side of the neutral plane is obtained from eqn (14b) as

where

1: = Z[I + L (-It 2+n(m+ I) zn(m+ IlJ,
n;d 2n! I +n(m+ I)

(27)

Force balance dictates the position of the neutral axis, hI (Fig. 5), relative to the beam
thickness, h. From eqn (27)

where

[ r;(;)J-1
hdh= 1+-JI=Jj ,

(-It [ I J ng(m) = 1+ L ~,- I ( I) [2j(m+ I)] .
n;;>I n. +n m+

(28)

When the inner span of the flexural beam La is sufficiently large so that La > LR , composite
failure in four~point flexure is expected to occur when the stress on the tensile surface
reaches the ultimate tensile strength (UTS) given by eqns (3) and (18).t Imposing this
failure criterion, the flexural strength SF becomes

(29)

where

and

G m = 1+3 (_I)n 2+n(m+l) [ 2
n

-
1

]

( ) n~I n! [I +n(m+ 1)][3+n(m+ I)] (m+ It .

The flexural strength again scales with the characteristic strength, Sc> and the fiber

t For short flexural specimens, shear failure is more likely than tensile failure and the analysis would not be
valid.
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Fig. 6. Normalized flexural strength as a function of Weibull modulus m, for different values of the
damage parameter D. Also shown are experimental values. The associated estimates of D for these

materials are given in Table 2.

volume fraction! It is also explicitly dependent upon the matrix damage variable, D, and
the shape parameter, m (Fig. 6). As m -+ 00, the ratio of the flexural strength to the ultimate
tensile strength only depends upon the secant modulus difference between tension and
compression: 2/(1 +J 1- D). However, for small m, corresponding to greater scatter in
fiber failure strength, the normalized flexural strength, SF/Su, is increased. Furthermore,
the larger the matrix damage variable, D, the larger the normalized flexural strength.

5. COMPARISON WITH EXPERIMENT

Experimental results in tension and four-point flexure obtained on three different
CMCs are summarized in Tables I and 2 (Schwartz et aI., 1991; Heredia et aI., 1992;

Table I. Summary of tensile data for Nicalon fiber-reinforced CMCs (R = 7.5 JIffi)

S. (MPa)

Matrix material I m Sc (GPa) r (MPa) L* (mm) Measured Predicted

SiC/LAS 0.5 3.5±0.5 2.5±0.2 5±0.5 6.5±1 790±40 850
(Jansson and Leckie, 1992)
SiC/CA 0.22 4.5±0.5 2.2±0.2 12±2 1.3±0.2 320±30 330
(Heredia et al., 1992)
SiC/CAS 0.37 1.8±0.5t 2.0±O.2 15±3 O.9±0.2 430±30 430
(Beyerle et al., 1992)

t Correction from J. Am. Ceram. Soc. 76, 560 (1993).

Table 2. Flexural experiments and predictions for CMCs
reinforced with Nicalon fibers

SF (MPa)
Matrix Damage

material Experiment Prediction parameter Dt

SiC/LAS 1050±50 IllO 0.38
SiC/CA 430±50t 420 0.30
SiC/CAS 620±30 645 0.45

tD::::: I-IEf/l!.·
t From Schwartz et al. (1991).
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Fig. 7. Comparison of predicted and measured UTS for three different CMCs.

Beyerle et al., 1992; Jansson and Leckie, 1992). Based on the parameters indicated in Table
1, it is apparent that all of the tensile data refer to the long gage length regime. Consequently,
eqns (3) and (18) may be used to predict the UTS. A comparison with experiment is
indicated on Fig. 7, using 1: as a convenient plotting variable. The correspondence is quite
good. Consequently, eqn (18) appears to provide a useful expression for F(m), further
justifying the use of this analytical approximation. Departure from the predictions reflects
uncertainties in the parameters, as well as minor deviations from global load sharing.

The flexural results (Table 2) are also in the gage length independent regime. The
normalized ultimate flexural strength, plotted on Fig. 6, generally support the predictions
with the greatest discrepancy being 11 % for the SiC/C.t Further, detailed comparisons
between experiment and theory await additional information about D for each of the three
materials.

6. CONCLUDING REMARKS

A lower bound of the ultimate strength in tension and flexure has been derived within
the framework of global load sharing, in terms of the two main characterizing parameters,
be and Se' A characteristic length, be, provides a dimension that differentiates long and short
specimens and establishes two different regimes: a length-dependent ultimate strength for
short specimens (L ~ be) and a length-independent ultimate strength for long specimens
(L ~ be)' The characteristic strength, Se, allows scaling of the ultimate tensile strength and
flexural strength, provided that the specimens are long. In flexure, there is also an important
influence of matrix cracking, which affects the ratio of the tensile-to-compressive secant
modulus. Both experiment and theory suggest that the flexural strength is substantially
larger than the tensile strength.
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value to be lower than predicted.
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APPENDIX: ESTIMATION OF PULL-OUT STRESS

When only the broken fibers inside the recovery length are considered, the expression for the pull-out stress
is simply

(AI)

However, when the fiber breaks which originally occurred outside the recovery length and are then brought in
are considered,t but the exclusion zones are neglected, the pull-out stress has been estimated by Curtin (1991) as

(A2)

Since (1 ~ T

(A3)

Consequently, eqn (AI) represents a lower bound for 0'p(T). The average pull-out stress, given byeqn (AI) with
P~(1) given in eqn (8) is

t The recovery length increases in proportion to T.
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Sc [m+2 (T)rn+IJ
oAT) = zy m+ I; S; ,
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(A4)

where y[.;.J represents the incomplete gamma function. In order to make a direct comparison of the influence of
the exclusion zones and the recovery length on the UTS, these two values of up, plus a third value derived by
Phoenix (1993) are used. Moreover, the comparison is made by adopting the same choice for T, at the UTS, given
byeqn (16).t The lower boundUTS based on eqn (A4) is given by eqn (18). The result based on eqn (A2) is

(A5)

The rigorous result is (Phoenix, 1993)

Su =1:[ IHXP( -{(m+ I)/m}[l-exp ({m/(m+I)}(~J+)J)J
=/~,. (m~ sm+ '[I +exp ( -{(m+l)/m}[I-exp ( {m/(m+ l)}(m~ I))J)J (A6)

These three results are plotted in Fig. 2.

tNote that Curtin's numerical estimate of T at the UTS differs from eqn (16), leading to yet another
prediction of the UTS, which is not explicitly considered in the present comparison.


